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Let K be a real but not totally real held of degree three over Q, and let A be an 
ideal in K. It is proved that the reduced numbers in A (i.e., numbers a with a > 1 
and - 1 < Re c&r < 0 for all conjugates a ‘I) # GL) are dense in a set of intervals of 
constant length, and no reduced numbers in A occur in the gaps between these 
intervals. In fact, the intervals are determined explicitly, and criteria are given for 
when the reduced numbers in A actually are dense in the whole of [ 1, al). ‘P 1985 
Academic Press, Inc. 
1. INTRODUCTION AND NOTATION 
Let a be a real algebraic number of degree at least three. We say that c( is 
reduced if CI > 1 and - 1 < Re CI’ < 0 for the conjugates CI’ of c( distinct from 
SI. We say that CI is an ancestor if 3 is reduced, but has no reduced 
immediate predecessor; that is, N + l/cr is not reduced for any choice of the 
positive integer N. The immediate successor of a reduced number is in turn 
reduced, and each reduced number leads back to exactly one ancestor (see 
C41). 
In this paper we consider the distribution of reduced numbers in a fixed 
ideal (possibly fractional) of a real cubic number field. The most interesting 
results occur for fields which are not totally real. In this case, the reduced 
numbers in a given ideal are dense in a set of intervals of constant length; 
in the gaps between these intervals no reduced numbers occur at all. 
Further, the reduced nonancestors by themselves are isolated; it is solely 
the ancestors which are responsible for this behavior. Many of the 
preliminary results that will be derived hold for fields of higher degree as 
well, although the final resolution for them is in general more chaotic. The 
author plans to develop a similar theory for these fields in a later paper. 
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Throughout this paper we will use the following notation: 
(a) Z is the ring of rational integers. 
(b) Q is the field of rational numbers. 
(c) K is a real number field with 1 K: Q ] 2 3. 
(d) A is an ideal in K. 
(e) We denote the conjugates of an algebraic number c1 by CI = cl”‘, 
(.p) (.J”) )...) . 
(f) Tr CI is the trace of a; that is, the sum of its conjugates. 
(g) 11 x (1 is the distance from x to the nearest integer. 
2. GENERAL RESULTS HOLDING WITH No RESTRICTION ON 1 K: Ql. 
PROPOSITION 1. Let CI be reduced, and let CI~ be its immediate successor; 
in other words, a, is reduced but is not an ancestor. Then ) a; I < 1 for the 
conjugates a; of a, other than tl, itself 
Proof. For the real conjugates, this is trivial from the definition of 
reduced. So let a~=~l+iyl, yl#O. Let tl=u+l/ar, where ~=[a]. Let 
fl + iy be the conjugate of CL corresponding to p, + iyl. Then 
“‘=(B’iy:+y* and Y’=(p--)r+p 
U u 
Thus pf+yT= l/((B-~)~+y*)< l/(fi-~)~< 1, since fJ<O and u> 1. 
PROPOSITION 2. Let A be an ideal in K. Then there can be onlv finitely 
many reduced nonancestors from A in a bounded interval. If K is totally real, 
the same is true for al/ reduced numbers in A. 
Proof Let q be a positive integer such that (q) A is an integral ideal. 
Suppose that there are infinitely many of the numbers in some bounded 
interval. For each such number a, qcc is an algebraic integer, and all of the 
conjugates of qa are bounded independently of c1 by Proposition 1. Let p be 
a large prime in Z. Since there are only finitely many residue classes in K 
modp, there must be two of the numbers in the sequence, say, CL and fi, 
such that qa E qp mod p. Then (qa - qfl)/p # 0 is an algebraic integer. But 
for p large enough, all of the conjugates of this number are less than one in 
absolute value. This is a contradiction. 
This proposition shows two things. First, if K is totally real, then each 
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reduced number in A is isolated, so the density behavior described in the 
introduction certainly cannot apply to such a field. Thus, we will restrict 
our attention to fields which are not totally real. Second, this proposition 
shows that if the reduced numbers of A are dense in some interval (as will 
be proved later), then in fact it is the ancestors of A which are dense, since 
the reduced nonancestors by themselves are isolated. 
THEOREM 3. Lei A be an ideal in K, and assume that K is not totall) 
real. Then no reduced number of A is isolated. 
Proof Let a Z-basis for A be [, , iz ,..., i,, where n = I K: Q I. Let 
pirn) = Re @‘J, and let r = c,“=, aici be a given reduced number in A 
(a,E Z). If we can find cr,..., C,E 2 such that Ix,“=, c,@l <E for 
k = 1, 2,..., n and E > 0 arbitrarily small, then /I = Cy= l (aj + c,) [, will be 
reduced and as close to cx as desired, if E is small enough (each conjugate of 
/I is within E of the corresponding conjugate of a, in real part). Let 
n = r + 2s, where r is the number of real conjugates of a generator of K, and 
2s the number of complex conjugates. To find the cj, we need to satisfy 
simultaneously 
I I 
i c,p <& for k = 1, 2 ,..., r, 
,= I 
fork=r+ l,..., r+s; 
K is not totally real, so there are fewer conditions than variables; thus a 
theorem of Minkowski [l] guarantees that nontrivial solutions exist for 
any E>O. 
To insure that this theorem and related results are not vacuous, we 
prove the existence of reduced numbers in an ideal A of K. This result also 
is based on Minkowski’s theorem, and the argument is in fact very similar 
to the one used in [3], where it is proved that PV numbers exist in any 
real number field. 
PROPOSITION 4. Let A be an ideal in K, where K is a real number field of 
degree at least three. Then there exists a reduced number in A. 
Proof:. Clearly it suffices to assume that A is an integral ideal, as the 
introduction of denominators merely adds more numbers to the ideal. 
Again, let a Z-basis for A be [r ,..., [,, and let [‘!“J = pjk) + ivjk) for the com- 
plex conjugates (k > r). First, we find a, ,..., a, E Z so that ) xi”=, aj[jk)I < 1 
for k = 2,..., n. Certainly this will be true if 
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I I i ai < 1 fork = 2,..., r, j=l
I I 
i ajpjk) <t fork=r+ l,..., r+s, 
j=l 
I I f ajvjk) ~1 fork=r+l,...,r+s. j=l 
The number of conditions is n - 1~ n, so such a, ,..., a, exist (not all zero). 
Let a = &‘=, ajcj. We have a #O and 1 atk)I < 1 for k = 2 ,..., n, so Ia) > 1. 
Replace a by a* to assume a > 1. There exists an integer q > 0 such that 
A I(q); take p prime in Z large enough that p > 2q and (a, p) = (1). Then 
am - 1 mod p for some m > 0 in Z; thus /I = (arm - 1)/p is a reduced 
algebraic integer for each t >O large enough in Z. Further, qfiE A and 
- 1 < q Re /I(j) < 0 for j = 2,..., n, i.e., qfl is a reduced number in A. 
Note that by taking t arbitrarily large, we have proved that A contains 
arbitrarily large reduced numbers. 
COROLLARY 5. Let A be an ideal in K, and assume K is not totally real. 
Then there are ancestors in A, and no ancestor in A is isolated. 
Proof. This is immediate from Proposition 2, Theorem 3, and 
Proposition 4. 
The next step is to find out where the ancestors in an ideal “live”, so to 
speak. It turns out that this can be done conveniently using traces. 
LEMMA 6. Let g=(al, a,), where a, and a2 are positive integers and 
a, 3 a2. Then there exists a unimodular 2 x 2 matrix M such that 
ProojI This follows directly from the Euclidean algorithm. Write 
al=r,a2+a3 
a, = r2a3 + a4 
a,-, =rnpl a,+g 
a,=r,g+O, 
where g=a,+, = (a,, a*). Let &/qk = [r,, r2,..., rk] (the continued frac- 
tion), so in particular p,/q, = a,/a,. Since (p,, q,,) = 1, it must be that 
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p, g = a, and qn g = a2. We know by properties of the continued fraction 
that q+, p, - q,, pnp, = *l; multiplying by g shows that qn ~, a, - 
pn- r az = fg. Thus we have 
PROPOSITION 7. Let A he an ideal in K, and let n = 1 K:Q 1. Then there 
exists a Z-basis for A of the form 11  ,..., v],, where Tr v] r = . . . = Tr qn _ r = 0, 
and Tr q,, =p/q with p and q relatively prime positive integers. 
Proof: Let iI ,..., c,, be any Z-basis for A. We may assume Tr ik Z 0 for 
each k by replacing ck with -ck if necessary. At least one of the ck has non- 
zero trace; we may assume it is c,. Let ik be an element of the basis other 
than c, for which Tr ck # 0. Then we have Tr ck = a,/b and Tr i,, = aJb, 
where (aI, a*, b) = 1. By Lemma 6, we may replace [,, and lk with n,, and 
ylk, where Tr q,, = (a,, a,)/b and Tr qk = 0. Continuing in this way, we 
arrive at a basis of the form asserted in the statement of the proposition. 
From now on we will denote a Z-basis for A by [, ,..., [,,, where Tr ik = 0 
for k = l,..., n - 1, and Tr [,, =p/q > 0. We will use the notation z(A) for the 
least positive trace of a number in A; clearly r(A) = Tr i,. 
THEOREM 8. Let A be an ideal in K, and let c( = c,“=, aIli, aiE Z, be 
reduced number in A. Then 
a,z(A) < c( < a,z(A) + n - 1. 
Proof: Let pVJ = Re [fk) 
-1 <Rea’k’<Oior k=2’ 
as before. Since CI is reduced, we have 
,..., n; in terms of the i’s and p’s, this is 
and 
-1 < f aj[,!k’<O for k = 2,..., r, (*) 
j=l 
-l< f ajpjk)<O for k = r + l,..., r + s. (**) 
,=I 
Add twice the sum of the (**) inequalities to the (*) inequalities to see that 
-(n-l)< i a, fi <jk)<O. 
i= 1 k=l 
Since C& [l.“‘=Tr ii- cJ, we have -(n- l)<a,z(A)-cr<O, i.e., 
a,t(A)<a<a,z(A)+n-1. 
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It is this theorem which gives rise to the “gaps” in the distribution of 
reduced numbers in A. Consider, for example, the integral reduced num- 
bers in Q(@). H ere z( 1) = 3, so by Theorem 8, no integral reduced num- 
ber occurs in an interval of the form [3m - 1, 3m]. This theorem by itself 
does not say, however, whether or not the “allowed” intervals 
[3m, 3m + 21 are filled in; this will be worked out in the next section. 
3. RESULTS SPECIAL FOR CUBIC FIELDS 
Up to this point, the results have applied to any real but not totally real 
field K of degree at least three. However, there is an observation to be 
made about Theorem 8 which distinguishes the cubic case from all others. 
Specifically, if K is real but not totally real and 1 K: Q 1 = 3, then in 
Theorem 8 the inequality a,r(A) < LX< a,r(A) + n - 1 is equivalent to the 
conditions (*) and (**), rather than merely a consequence of them. This is 
true because a has only one conjugate to examine in checking that it is 
reduced. Using this fact, it will be easy to show that the “allowed” intervals 
of Theorem 8 are filled in. 
We define the set L(A) by 
L(A ) = { 19 2 1 ) 13 is a limit of ancestors in A } . 
Let 0 > 1 be a real number. We say that t) is “trace-allowed” (referring to a 
particular ideal A ) if 8 satisfies the condition of Theorem 8; that is, ar(A ) < 
8~az(A)+n-l,forsomeaEZ.Heren=)K:QI.ByTheorem8,weknow 
that every number in L(A) must be trace-allowed; we now show the con- 
verse, for n = 3. 
THEOREM 9. Let K be a real but not totally realfield of degree three over 
Q, and let A be an ideal in K. Then L(A) consists exactly of the trace- 
allowed numbers. 
Proof: Let t3 be a trace-allowed number. We need to show that there 
exist ancestors in A arbitrarily close to 8. In view of Proposition 2, it is suf- 
ficient to show the existence merely of reduced numbers in A close to 8. 
Also, since L(A) obviously is a closed set, we may assume that 0 > 1 and 
at(A) <e<az(A)+2 for some UEZ. Let cl, c2, and [3 be a Z-basis for A 
as in Proposition 7, and let CI = a, [, + a2c2 + ac3. We will choose a, and uL 
(in Z) so that ) a - 8 1 is small, and c( is reduced. If 1 c( - t9 ( is small enough, 
then we will have a> 1 and ar(A ) < ct < UT(A) + 2, since these are true for 
8. This in turn implies that a is reduced, as noted previously. Therefore, we 
need only select a, and a, so that 
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This always can be done; since 12/<1 is irrational, we may find a, such that 
(see, e.g., [ 1, p. 481). 
Then let a, be the integer such that la,+a,(iz/il)-(8-ar,/il)i = 
I/ a2(i2/iI) - (0 - aiJil)ll. These choices for a, and a2 satisfy the inequality 
needed. As E > 0 may be arbitrarily small, we may force a as close to 8 as 
desired. 
COROLLARY 10. In the notation of Theorem 9, L(A)= [l, co) exactly 
when z(A) d 2. If z(A) > 2, L(A) consists of intervals of length 2 with gaps of 
length t(A) - 2. 
ProoJ: Clear. 
The question of when L(A) = [ 1, co) is an interesting one, and it is 
worthwhile to give more illuminating conditions for this than the one just 
stated. This is most conveniently done using the different of K, which we 
will denote by 6. We will use the following facts about the different 
[2, Chap. 25-J: 
f BifandonlyifTrcrEZ for all LY E B. 
The norm of 6 is A the discriminant of K. 
PROPOSITION 11. Let A be an ideal in K, and let t E 2. Then t 1 z(A) if 
and only if (t)l A6. 
Proof: Write A = B/(d) where B is integral and dE 2. Clearly t(A) = 
$B)/d; thus t 1 z(A) if and only if dt 1 r(B). Since B is integral, z(B) is 
integral; thus dt 1 z(B) if and only if C= B/(dt) is an ideal all of whose 
elements have integral trace. This is equivalent to l/6 ( C, i.e., (t)l A6 as 
desired. 
COROLLARY 12. Let K be a real but not totally realfield with I K: Q 1 = 3. 
Then L(l)= [l, co) ifand onfy if27fA. 
Proof. Since Tr 1 = 3, we have r( 1) = 3 or T( 1) = 1. By Theorem 9, 
L(l)# [l, co) exactly when 3/r(l), i.e., (3)IS, by Proposition 11. Thus it 
remains to prove that (3)] 6 if and only if 27) A. Since N(6) = A, one direc- 
tion is immediate. To prove the converse, we use Dedekind’s theorem on 
differents [2]. Assuming 27 I A, then 3 ramifies; so it has the factorization 
(3)= PfP2 or (3) = P’. 
REDUCED NUMBERS 169 
The first is inconsistent with 27 ( A. For if (3) = P: Pz, then 6 = PI B, where 
(3, B) = (1). This implies A = 3m, where 3Jm. In the second case, 6 = P’B 
with e > 3, and so (3)) 6, as claimed. 
COROLLARY 13. Let A be an integral ideal in K, where K is real but not 
totally real, and lK:QI =3. Then L(A)#[l, co) ifand only if(4)/(4,6)IA 
or there exists p # 2 prime in Z such that (p)/(p, a)( A. 
Proof: We know L(A) # [ 1, co) if and only if z(A) > 3. The assertion 
then follows immediately from Proposition 11. 
EXAMPLE. Let K = Q(c), where c3 - < - 1 = 0. Here we have A = -23, 
so 23 is the only ramified prime. In K (23) factors as 
(23) = (23, (- lo)* (23, [ - 3). 
Thus the different is 6 = (23,c - 10). Let A,, = (23)/(23,6) = (23, < - 10) 
(23, [ - 3). Let A be any ideal in K, and write A = (t/d) B, where d and 
t E Z, B is an integral ideal, and (k)/B for k > 1 in Z (such factors are to be 
incorporated into t). Now clearly z(A) = (t/d) z(B); further, from the way B 
was defined, z(B) = 1 unless A,, 1 B, in which case z(B) = 23. Thus we can 
say precisely when L(A) = [ 1, co): 
(I) If t/d<& then L(A)= [l, co). 
(2) If &< t/d<2 and A,JB, then L(A)= [l, co). 
(3) If t/d>2, or t/d>&and A23(B, then L(A)#[l, 00). 
For example, L(1) = [l, cc) (this follows from Corollary 12 as well). Also, 
if a is an integer such that a & 3 or 10 mod 23, then L([ - a) = [1, co). 
In general one can perform this sort of analysis for any such field K. The 
breakdown into cases, however, will usually be more complicated, due to 
the presence of more ramified primes to consider. 
4. A GENERALIZATION 
The preceding material can be generalized by altering the definition of 
“reduced” in the sense that the conjugates should lie in a different region of 
the complex plane. Probably the simplest such generalization is to vary the 
width of the strip 
(2 -l<Rez<O} 
and require that the conjugates be in a wider or narrower strip. Let K be a 
real number field of degree at least three. We define S, the “reduced” num- 
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bers in K, by CI E S if and only if (Y > 1 and - t < Re a’ < 0 for the conjugates 
CI’ of CI distinct from c(. Here t is a fixed positive real number. 
Remark. One could define S in an ostensibly more general way: r E S if 
and only if CI > c and h< Re a’ -C a for fixed real numbers a, b, and c’. 
However, this is a spurious generalization: the value of c is irrelevant, as 
are the precise locations of a and b. All that matters is a-b. This will be 
easy to see in what follows. 
The previous theory carries over completely in this more general 
situation. We will go briefly through the program here, giving new proofs 
where necessary. Theorem 3 applies exactly as before. Proposition 4 
remains true; however, more manipulations are needed in the proof. We 
have 
LEMMA 14. Let A be an ideal in K. Then A n S # fzr. 
Proof: As in Proposition 4, we may assume A is integral. In 
Proposition 4, we constructed a number a satisfying a > 1 and 1 CC(~) 1 < 1 for 
k # 1. By replacing c1 with a large power of a we may assume that 1 aCk) 1 is 
as small as desired, for k # 1. Let q > 0 be an integer such that A j(q), and 
let p be a large prime in 2. Specifically, we need (a, p) = 1 and p > q/t. Then 
in the interval ( - t, 0) there is a rational number r/p, where q ( r. Let f = r/q, 
and let m be a positive integer such that am E 1 mod p. Finally, let e > 0 
satisfy e E -f mod p. Then 
is a number in A n S, if k is large enough. 
Theorem 8 carries over exactly. The same proof as before shows that if 
aEAnS, then 
a,z(A) < a -c a,s(A) + t(n - 1) 
in the notation of Theorem 8. 
At this point we again make the restriction that K is a real but not 
totally real field with I K: Q I = 3. We replace L(A) by its analog 
L,(A)=(~~1~0isalimitofnumbersinAnS}. 
Redefining “trace-allowed” in an analogous manner, Theorem 9 and its 
proof hold unchanged. From this we see that L,(A) = [ 1, co) if and only if 
r(A) < 2t. 
Thus we have 
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THEOREM 15. Let K be a real but not totally real field with 1 K:Q ( = 3. 
Let t be a positive real number. Then the algebraic integers in S are dense in 
[l, co) ift2$, andare not $t<t. 
Prooj This follows directly from the fact that r( 1) = 1 or 3. 
This result is perhaps most striking in that a similar result for higher 
degree fields flatly does not hold. For example, it can be shown that no 
matter how wide the strip is taken (that is, has large t is taken), there is a 
fourth degree field, real but not totally real, such that the algebraic integers 
in S are not dense in all of [ 1, cc ). In fact, the field Q( ,j’%) will do, for 
suitable N. 
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